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Abstract. The present status of the theoretical estimates of beauty hadron lifetime ratios and of width
differences and CP-violation parameters in Bd and Bs systems is reviewed. In the last two years accurate
lattice calculations and next-to-leading order perturbative computations have improved these theoretical
predictions, leading to the following updated results: τ(B+)/τ(Bd) = 1.06 ± 0.02, τ(Bs)/τ(Bd) = 1.00 ±
0.01, τ(Λb)/τ(Bd) = 0.88 ± 0.05, ∆Γd/Γd = (2.42 ± 0.59)10−3, ∆Γs/Γs = (7.4 ± 2.4)10−2, |(q/p)d| − 1 =
(2.96 ± 0.67)10−4 and |(q/p)s| − 1 = −(1.28 ± 0.28)10−5.

PACS. 11.30.Er CP violation – 12.38.Aw Perturbative calculations – 12.38.Gc Lattice QCD calculations
– 14.20.Mr Bottom baryons – 14.40.Nd Bottom mesons

1 Introduction

B physics plays an important role to test and improve our
understanding of the Standard Model flavor-dynamics.

Theoretically, the large mass of the b quark, compa-
red to the QCD scale parameter ΛQCD, allows to treat
inclusive rates in terms of an operator product expan-
sion (OPE), with a consequent separation of the short-
distance contributions from the long-distance ones. Theo-
retical predictions of inclusive rates, therefore, are based
on a non-perturbative calculation of matrix elements, wi-
dely studied in lattice QCD, and a perturbative calcula-
tion of Wilson coefficients.

Recently, the contribution of light quarks in beauty ha-
dron decay widths (spectator effect) has been computed at
O(αs) in QCD and O(ΛQCD/mb) in the OPE. Based on
these calculations is the theoretical prediction for both be-
auty hadron lifetimes and B-meson CP-violation parame-
ters. Therefore, improved theoretical estimates have been
obtained, to be compared with recent accurate experimen-
tal measurements or limits.

2 Beauty hadron lifetime ratios

The experimental values of the measured lifetime ratios of
beauty hadrons are [1]

τ(B+)
τ(Bd)

= 1.085 ± 0.017 ,
τ(Bs)
τ(Bd)

= 0.951 ± 0.038 ,

τ(Λb)
τ(Bd)

= 0.786 ± 0.034 . (1)

a Present address: tarantino@fis.uniroma3.it

These quantities can be computed from first princi-
ples, since the great energy (∼ mb) released in beauty ha-
dron decays allows to expand the inclusive width Γ (Hb)
in powers of 1/mb, by applying the heavy quark expansion
(HQE) [2].

Using the optical theorem, the inclusive decay width
of a hadron Hb, containing a b quark, can be written as

Γ (Hb) =
1

MHb

Disc〈Hb|T |Hb〉 , (2)

where “Disc” picks up the discontinuities across the phy-
sical cut in the transition operator T , given by

T = i

∫
d4x T

(
H∆B=1

eff (x)H∆B=1
eff (0)

)
. (3)

H∆B=1
eff is the effective weak Hamiltonian which describes

∆B = 1 transitions, whose Wilson coefficients are known
at the next-to-leading order (NLO) in QCD [3–5].

By applying the HQE, the decay width Γ (Hb) in (2)
can be expressed as a sum of local ∆B = 0 operators of
increasing dimension

Γ (Hb) =
∑

k

ck(µ)
mk

b

〈Hb|O∆B=0
k (µ)|Hb〉 . (4)

The HQE brings to the separation of short distance
effects, confined in the Wilson coefficients (ck) and eva-
luable in perturbation theory, from long distance physics,
represented by the matrix elements of the local operators
(O∆B=0

k ), to be computed non-perturbatively.
Up to O(1/m2

b), only the b quark enters the short-
distance weak decay, while the light spectator quarks,
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Fig. 1. Theoretical (histogram) vs experimental (solid line) distributions of lifetime ratios. The theoretical predictions are
shown at the LO (left) and NLO (right)

which distinguish different beauty hadrons, interact
through soft gluons only. The local operators appearing
up to O(1/m2

b) in the QCD HQE are the condensate (b̄b)
and the chromomagnetic operator (b̄σµνGµνb) which do
not contain the light quark field. Their contribution can be
evaluated from the heavy hadron spectroscopy and leads
to the following estimates

τ(B+)
τ(Bd)

= 1.00 ,
τ(Bs)
τ(Bd)

= 1.00 ,
τ(Λb)
τ(Bd)

= 0.98(1) , (5)

where the uncertainties on the first two ratios, being infe-
rior to 1%, are not indicated.

Spectator contributions appear at O(1/m3
b) in the

HQE. These effects, although suppressed by an additional
power of 1/mb, are enhanced, with respect to leading con-
tributions, by a phase-space factor of 16π2, being 2 → 2
processes instead of 1 → 3 decays [6,7].

In order to evaluate the spectator effects one has to
calculate the matrix elements of dimension-six current-
current and penguin operators, non-perturbatively, and
their Wilson coefficients, perturbatively.

Last year both the non-perturbative and the pertur-
bative calculations have been improved.

Concerning the perturbative part, the NLO QCD cor-
rections to the coefficient functions of the current-current
operators have been computed [8–10].

Concerning the non-perturbative part, the usual para-
metrization of the matrix elements of the dimension-six
current-current operators distinguishes two cases, depen-
ding on whether or not the light quark of the operator
enters as a valence quark in the external hadronic state.
Therefore, different B-parameters for the valence and non-

valence contributions are introduced. The reason for this
parametrization is that so far the non-valence contribu-
tions have not been computed. Their non-perturbative
lattice calculation would be possible, in principle, ho-
wever it requires to deal with the difficult problem of
power-divergence subtractions. On the other hand, the
valence contributions have been recently evaluated, for
B−mesons, by combining the QCD and HQET lattice re-
sults to extrapolate to the physical b quark mass [11] and,
for the Λb baryon, in lattice-HQET [12]. These accurate
results are in agreement with the values obtained in pre-
vious lattice studies [13–15] and with the estimates based
on QCD sum rules [16–19].

This year, the sub-leading spectator effects which ap-
pear at O(1/m4

b) in the HQE, have been included in the
analysis of lifetime ratios. The relevant operator matrix
elements have been estimated in the vacuum saturation
approximation (VSA) for B−mesons and in the quark-
diquark model for the Λb baryon, while the corresponding
Wilson coefficients have been calculated at the leading or-
der (LO) in QCD [20].

In this talk we update our theoretical predictions for
the lifetime ratios [10], which contain NLO QCD correc-
tions to Wilson coefficients and lattice values for valence
B-parameters, by including the sub-leading spectator ef-
fects of [20]. In this way we obtain

τ(B+)
τ(Bd)

∣∣∣∣
NLO
= 1.06 ± 0.02 ,

τ(Bs)
τ(Bd)

∣∣∣∣
NLO
= 1.00 ± 0.01 ,

τ(Λb)
τ(Bd)

∣∣∣∣
NLO
= 0.88 ± 0.05 . (6)
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They turn out to be in good agreement with the expe-
rimental data of (1). It is worth noting that the agree-
ment at 1.5σ between the theoretical prediction for the
ratio τ(Λb)/τ(Bd) and its experimental value is achieved
thanks to the inclusion of the NLO (see Fig. 1) and the
1/mb corrections to spectator effects. They both decrease
the central value of τ(Λb)/τ(Bd) by 8% and 2% respec-
tively.

Further improvement of the τ(Λb)/τ(Bd) theoretical
prediction would require the calculation of the current-
current operator non-valence B-parameters and of the per-
turbative and non-perturbative contribution of the pen-
guin operator, which appears at the NLO and whose
matrix elements present the same problem of power-
divergence subtraction. These contributions are missing
also in the theoretical predictions of τ(B+)/τ(Bd) and
τ(Bs)/τ(Bd), but in these cases they represent an effect
of SU(2) and SU(3) breaking respectively, and are expec-
ted to be small.

3 Neutral Bq-meson width differences

The width difference between the “light” and “heavy”
neutral Bq-meson (q = d, s) is defined in terms of the
off-diagonal matrix element (Γ q

21) of the absorptive part
of the B − B̄ mixing effective hamiltonian

∆Γq ≡ Γ q
L − Γ q

H = −2Γ q
21 ≡ − 1

MBq

Disc〈Bq|T |Bq〉 , (7)

where the transition operator T is given in (3).
As in the case of the inclusive decay widths discussed

above, the great energy scale (∼ mb) which characterizes
the decay process allows the HQE of the amplitude in (7)
as a series of matrix elements of ∆B = 2 local operators,
multiplied for their Wilson coefficients.

The leading contribution comes at O(1/m3
b) in the

HQE and is given by the dimension-six ∆B = 2 operators.
Up to and including O(1/m4

b) contribution, the HQE of
Γ q

21 reads

Γ q
21 = − G2

F m2
b

24πMBq

[
cq
1(µ2)〈Bq|Oq

1(µ2)|Bq〉+

cq
2(µ2)〈Bq|Oq

2(µ2)|Bq〉 + δq
1/m

]
, (8)

where cq
i (µ2) are the Wilson coefficients, known at the

NLO in QCD. In the case of ∆Γs the NLO corrections have
been computed in [21], whereas for ∆Γd the complete NLO
corrections, including contributions from a non vanishing
charm quark mass, have been calculated this year [22,23].
It is worth noting that the charm mass corrections are
necessary to take fully into account the dependence of ∆Γd

on the weak phase, contained in cd
i , at the NLO accuracy.

〈Bq|Oq
i (µ2)|Bq〉 are the matrix elements of the two in-

dependent dimension-six operators, while δ̂1/mb
represents

the contribution of the dimension-seven operators [24].
Lattice results of the dimension-six operator matrix

elements [25]-[29] have been confirmed and improved last

year. In order to reduce the systematics of the heavy quark
extrapolation, the results obtained in QCD have been
combined with the HQET ones [30] (see Fig. 2). The effect
of the inclusion of the dynamical quarks has been exami-
ned, within the NRQCD approach, finding that these ma-
trix elements are essentially insensitive to switching from
nf = 0 to nf = 2 [31,32]. Lately, the same matrix ele-
ments have been calculated by using QCD sum rules with
NLO accuracy [33], thus achieving a reduced uncertainty
with respect to previous determinations in this theoretical
framework [34,35].

On the other hand, the dimension-seven operator ma-
trix elements have never been estimated out of the VSA.
However two of these four matrix elements can be related
through Fierz identities to the complete set of operators
studied in [30].

The expression of ∆Γq/Γq used in the analysis, is ob-
tained by neglecting (Γ q

21/M
q
21)

2 = O(m4
b/m4

t ) terms (Mq
21

represents the off-diagonal matrix element of the disper-
sive part of the B − B̄ mixing effective hamiltonian) and
reads

∆Γq

Γq
= −∆Mq

Γq
Re

(
Γ q

21

Mq
21

)
. (9)

The updated theoretical predictions obtained in the
analysis of [23] are

∆Γd/Γd = (2.42 ± 0.59)10−3, ∆Γs/Γs = (7.4 ± 2.4)10−2 .
(10)

The corresponding theoretical distributions are shown in
Fig. 3, where the effect of the NLO corrections can be seen
to be quite relevant.

One can see that ∆Γs is larger than ∆Γd, the latter
receiving contributions from channels which are doubly
Cabibbo suppressed with respect to those contributing to
∆Γs, and both agree with the experimental limits [1]

∆Γd/Γd = 0.008 ± 0.037(stat.) ± 0.019(syst.) ,

∆Γs/Γs = 0.07+0.09
−0.07 , (11)

within the large experimental uncertainties.
In order to test the agreement between theoretical and

experimental values with higher precision, it is impor-
tant to wait for more accurate measurements from the
B−factories (Babar and Belle) and from the RunII at Te-
vatron and the LHC.

4 CP Violation parameters: |(q/p)d| and
|(q/p)s|
The experimental observable |(q/p)q|, whose deviation
from unity describes CP-violation due to mixing, is re-
lated to Mq

21 and Γ q
21, through

(q/p)q =

√
2Mq

21 − iΓ q
21

2Mq ∗
21 − iΓ q ∗

21
, (12)

which, neglecting (Γ q
21/M

q
21)

2 = O(m4
b/m4

t ) terms, beco-
mes ∣∣∣∣∣

(
q

p

)
q

∣∣∣∣∣ = 1 +
1
2

Im
(

Γ q
21

Mq
21

)
. (13)
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Fig. 2. Extrapolation of ∆B = 2 B-parameters in the inverse heavy meson mass, by combining QCD (Φ123(mP , mb)) and
HQET (B̃i(mb), i = 1, 2, 3) lattice results. The inclusion of the HQET point has the effect of decreasing the extrapolated value
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Fig. 3. Theoretical distributions for the width difference in Bd and Bs systems. The theoretical predictions are shown at the
LO (light/red) and NLO (dark/blue)

By comparing eqs. 9 and 13, one sees that the theoreti-
cal prediction of |(q/p)q| is based on the same perturbative
and non perturbative calculation discussed in Sect. 3. In
other words |(q/p)q| − 1 differs from ∆Γq/Γq, a part from
multiplicative factors, for the presence of “Im” instead of
“Re”, which selects a different contribution from VCKM .

An important consequence of different CKM contri-
butions is that (|(q/p)q| − 1)/∆Γq = O(m2

c/m2
b). In the

limit mc → 0, indeed, there are two quarks (u and c) with

the same charge and degenerate in mass, so that one can
eliminate the CP-violating phase from VCKM , through a
quark field redefinition.

Moreover we have (|(q/p)s|−1)/(|(q/p)d|−1) = O(λ2)
(where λ is the sine of the Cabibbo angle) and, quantita-
tively, we find the updated theoretical predictions [23]

|(q/p)d| − 1 = (2.96 ± 0.67)10−4 ,

|(q/p)s| − 1 = −(1.28 ± 0.28)10−5 . (14)
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Fig. 4. Theoretical distributions for |(q/p)q| − 1 in Bd and Bs systems. The theoretical predictions are shown at the LO
(light/red) and NLO (dark/blue)

The corresponding theoretical distributions are shown in
Fig. 4. Also for these quantities, the effect of NLO correc-
tions turns out to be rather important.

A preliminary measurement for |(q/p)d|−1 is now avai-
lable from the BABAR collaboration [36]

|(q/p)d| − 1 = 0.029 ± 0.013(stat.) ± 0.011(syst.) (15)

Improved measurements are certainly needed to make this
comparison more significant.
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